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SYMBOLIC DYNAMICS FOR NORMALLY HYPERBOLIC FOLIATIONS
PABLO D. CARRASCO
Abstract. We introduce some tools of symbolic dynamics to study the hyperbolic directions of
partially hyperbolic diffeomorphisms, emulating the well known methods available for uniformly
hyperbolic systems.
1. Introduction and Main Results.
It is somewhat surprising that large classes of smooth systems can be accurately described
by a symbolic model. In these cases, the extra tools of symbolic dynamics provide a concrete
framework to study the more complicated differentiable system, allowing instead to work with
concrete zero-dimensional models. A prototypical example here are the uniformly hyperbolic
diffeomorphisms, where the existence of Markov Partitions [Sin68],[Bow70b] permit to reduce
many aspects of their theory to properties of subshifts of finite type. The celebrated Sinai-Ruelle-
Bowen theory for Axiom A attractors, one of the fundamental pieces in smooth ergodic theory,
originated in this reduction. We refer the reader to [Bow08] for an introduction to the techniques
and background material.
A similar structure is valid for Anosov flows [Rat73b] or more generally, hyperbolic flows
[Bow73]. In this case R. Bowen showed that if φt : M → M is a flow on compact manifold and
Ω is a non-trivial basic set, then φt : Ω → Ω is finitely covered by the suspension of a subshift
of finite type under a Lipschitz roof function. This means the following: in the above situation
there exist a subshift of finite type ΣA with shift map σ, a Lipschitz function ρ : ΣA → R>0 such
that for the space
S = {(a, t) ∈ ΣA × R : t ∈ [0, ρ(a)]}/(σ(a), 0) ∼ (a, ρ(a))
one can find a continuous function h : S → Ω satisfying
(1) h is onto.
(2) There existsK > 0 such that for every x ∈ Ω,#h−1(x) ≤ K .
(3) h is one to one on a Gδ set X ⊂ ΣA, and moreoverX is of full probability.
(4) h ◦ st = φt ◦ h for every t, where st : S → S is the natural horizontal flow (st[(a, t′)] =
[(a, t+ t′)]).
As in the case of hyperbolic diffeomorphisms the above construction permits to establish very
subtle properties of hyperbolic flows, for example an extension of the Sinai-Ruelle-Bowen theory
[BR75], the Central Limit Theorem for geodesic flows on manifolds of negative sectional curva-
ture [Rat73a], of the decay of matrix coefficients for geodesic flows on negatively curved surfaces
[Dol98], just to cite a few.
It is important to notice that Bowen’s construction establishes the symbolic model for the
flow, and not for a fixed map in the flow (say, the time one-map). The time-t maps of the flow
are not hyperbolic, and a simple entropy argument shows that one cannot hope for a symbolic
representation of them as in the case of hyperbolic diffeormorphisms.
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The purpose of this paper is to present a symbolic model for a generalization of hyperbolic
systems, the so called partially hyperbolic diffeomorphisms. In those we allow, besides the hy-
perbolic directions, a third center direction where the dynamics is only known to be dominated
by the hyperbolic ones. Time t-maps of hyperbolic flows are partially hyperbolic, provided that
t is not zero, but there are other totally different systems which are also partially hyperbolic,
as the ergodic linear automorphisms of the Torus, or the so called skew-products. We provide
the precise definition in the next section and refer the reader to [Pes04] for an introduction to
Partially Hyperbolic Dynamics.
Wewill assume that, as is the case for themajority of the known examples, the center direction
integrates to a foliation with f -invariant leaves. Although our main interest is the study of the
hyperbolic directions, this transverse dynamics is in principle not well defined and we need to
make use of the holonomy pseudo-group of the center foliation to gain some control on its struc-
ture. The presence of this pseudo-group, on the other hand, is one of the main difficulties for
the construction. Another problem appearsdue to in general, the partially hyperbolic diffeomor-
phism does not fixes the center foliation. In any case, we are able to stablish a Markov structure
for the transverse hyperbolic directions (see next section for the definition ofWcsloc,W
cu
loc).
Main Theorem. Let f : M → M be a partially hyperbolic diffeomorphism with (plaque expansive)
center foliationWc. Then given δ > 0, ρ > 0 there exist a familyD = {D1, . . . , DN} of s+u dimensional
(embedded) discs transverse toWc, a familyR = {R1, . . . , Rs} and a function af : R → 2D satisfying
the following.
(1) The family D is pairwise disjoint.
(2) Each Rµ is contained in some disc Di away from the boundary, and with respect to the relative
topology of Di it holds Rµ = cl intRµ. Moreover diamRµ < ρ.
(3) If Rµ, Rν are contained in the same disc Di and their relative interiors share a common point,
then Rµ = Rν .
(4) M = ∪sµ=1sat
c(Rµ, δ), where satc(Rµ, δ) consists of all the center plaques of size 2δ centered
at points of Rµ.
(5) Suppose that Rµ ⊂ Di, Rν ∈ Di′ satisfy Di′ ∈ af(Rµ). If x ∈ intRµ, φ+µ,i′(x) ∈ intRν , then
it holds
(a) φ+µ,i′ (W˜
s(x,Rµ)) ⊂ W˜s(φ
+
µ,i′(x), Rν ).
(b) φ−µ,i′ (W˜
u(φ+µ,i′ (x), Rν)) ⊂ W˜
u(x,Rµ)
where φ+µ,i′ = projDi′ ◦ f, φ
−
µ,i′ = projDi ◦ f
−1, projDi : sat
c(Di, δ) → Di is the map that
collapses center plaques and
W˜s(x,Rµ) = W
cs
loc(x) ∩Rµ, W˜
u(x,Rµ) = W
cu
loc(x) ∩Rµ.
Fix families D = {Di}Ni=1,R = {Rµ}
s
µ=1 as the ones given in the previous theorem. Denote
Γ(R) = ∪µRµ and consider the pseudo-group G(R) of homeomorphisms of Γ(R) generated by
{φµ,i′ , φ
−
µ,i′ : i
′ ∈ af(Rµ)}. Consider the subshift of finite type ΣS determined by the matrix S
where
Sµ,ν = 1⇔ ν ⊂ Di′ , i
′ ∈ af(Rµ) and φ
+
µ,i′(intRµ) ∩ intRν 6= ∅.
Corollary 1.1. There exists a continuous surjective map h : ΣS → Γ(R) that semiconjugates the action
of the shift σ : ΣS → ΣS with the action of the pseudo-group G(R)y Γ(R).
The previous Corollary can be seen as an analog of Ratner-Bowen construction for hyperbolic
flows, although the map h will not be bounded-to-one due to the fact that we have to take into
account the center holonomy, and this is much worse behaved in general than in the case of
R-actions.
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The remainder of the article is divided into three sections. In the first we provide some back-
ground material and notation that will be used in the sequel. The third Section is devoted to
the proof of the main theorem, and in the final one we discuss the coding associated to this
transverse model.
2. Preliminaries
In this section we collect some definitions and establish some notation used in the sequel.
Throughout the paper,M will denote a closed (compact, without boundary) differentiableman-
ifold. We are interested in the following generalization of Anosov systems.
Definition 2.1. A C1 diffeomorphism f : M →M is partially hyperbolic if there exists a continuous
splitting of the tangent bundle of the form
TM = Eu ⊕ Ec ⊕ Es
where both bundlesEs, Eu have positive dimension, and a continuous Riemannian metric ‖·‖ onM such
that
(1) all bundles Eu, Es, Ec are df -invariant.
(2) For every x ∈M , for every unitary vector vσ ∈ Eσx , σ = s, c, u,
‖dxf(v
s)‖ < 1 < ‖dxf(v
u)‖
‖dxf(v
s)‖ < ‖dxf(v
c)‖ < ‖dxf(v
u)‖
The bundles Es, Eu, Ec are called the stable, unstable and center bundle respectively. The well
known Stable Manifold Theorem implies that the continuous bundles Es, Eu are integrable to f -
invariant continuous foliationsW s,Wu, whose leaves are of class C1. These are called the stable
and unstable foliations, respectively. See chapter 4 of [HPS77] for the proof.
On the other hand, the center bundle is not always integrable (Cf. [Sma67],[HHU10]), al-
though it is almost always satisfied in the examples. As one of our main objectives is providing
a model for the foliation tangent to Ec, the center foliation, we will assume that this bundle is
integrable and in fact, to avoid some technical subtleties, we will assume something (seemingly)
stronger.
Definition 2.2. A partially hyperbolic map f : M → M is dynamically coherent if the bundles
Ec,Ecs = Ec ⊕ Es,Ecu = Ec ⊕ Eu are integrable to continuous f -invariant foliationsWc,Wcs,Wcu
Convention: From now on, we will omit dynamically coherent when referring to partially
hyperbolic maps.
For a point x ∈ M , a positive number γ > 0 and σ ∈ {s, u, c, cs, cu} we will denote by
W σ(x; γ) the open disc of size γ inside the leafW σ(x), where distances are measured with the
corresponding induced metric. Moreover, if A ⊂M we denote
W σ(A; γ) := ∪x∈AW
σ(x; γ), σ 6= c(1)
satc(A) := ∪x∈AW
c(x; γ).(2)
In the definition or partial hyperbolicity themetric used can be assumed such that the bundles
Ec, Es and Eu are mutually orthogonal [Gou07]. It follows that we have local product structure:
there exists some r0 > 0 such that for 0 < r ≤ r0,
d(x, y) < r ⇒ ∃ z s.t. Hrx ∩ V
r
y ⊃W
c(z; r),
where Hrx =W
u(W c(x; 2r); 2r), V rx =W
s(W c(x; 2r); 2r). See Section 7 of [HPS77].
4 PABLO D. CARRASCO
Definition 2.3. The local plaque of Fσ centered at x is defined as
W σloc(x) :=
{
W σ(x, 2r0) σ ∈ {cs, cu}
W σ(x, r0) σ ∈ {c, s, u}.
One of the main consequences of dynamical coherence if the property of shadowing.
Definition 2.4. Let f :M →M be partially hyperbolic.
(1) A sequence x = {xn}
N
−N where N ∈ N ∪ {∞} is called a δ-pseudo orbit for f if for every
n = −N, . . . , N − 1, d(fxn, xn+1) ≤ δ. If furthermore f(xn) ∈ W c(x; δ) for every n =
−N, . . . , N − 1 we say that x is a central δ-pseudo orbit. Center stable and center unstable
pseudo orbits are defined similarly using the foliationsWcs,Wcu.
(2) For ǫ > 0, we say that the pseudo orbit y = {yn}
N
−N ǫ-shadows the pseudo orbit x = {xn}
N
−N if
d(xn, yn) < ǫ for every n = −N, . . . , N − 1.
Theorem 2.1 (Shadowing). Let f : M → M be partially hyperbolic. Then there exist constants
C > 1, δ0 > 0 such that for 0 < δ ≤ δ0 any δ pseudo-orbit can be Cδ-shadowed by a Cδ-central
pseudo-orbit.
This theorem is a generalization of the classical shadowing theorem for Anosov maps due to
Hirsch-Pugh-Shub, and appears as Theorem 7A-2 in [HPS77] in a slightly different formulation,
although the version above follows directly from their arguments.
In principle, there could bemore than one bi-infinite central pseudo-orbits shadowing a given
one. To remedy this we will work with plaque expansive systems.
Definition 2.5. Let f :M →M be a partially hyperbolic set. We say that:
(1) The foliationWcis plaque expansive if there exists e > 0 such that if x = {xn}
∞
−∞ , y = {yn}
∞
−∞
are central e-pseudo orbits satisfying d(xn, yn) for every n, then x0 ∈W c(y0; e). In this case we
usually say that the map f is plaque expansive
(2) The foliationWcs is plaque expansive if there exists e > 0 such that if x = {xn}
∞
0 , y = {yn}
∞
0
are center stable e-pseudo orbits satisfying d(xn, yn) for everyn, thenx0 ∈W cs(y0; e). Similarly
forWcu.
Plaque expansiveness holds in every known example, and is guaranteed ifWc is C1, or if f is
a center isometry, i.e. ‖df |Ec‖ = 1 = m(df |Ec). It is also C1-stable: if f is plaque expansive then
there exists a C1 neighbourhood U of f such that every g ∈ U is plaque expansive. See Chapter
6 in [HPS77].
Lemma 2.1. If f is plaque expansive, the foliationsWcs,Wcu are also plaque expansive.
The proof is not hard.
2.1. Adapted families of discs. We will make extensive use of transverse discs to the center
foliation.
Definition 2.6. For 0 < ǫ < r0 we say that D ⊂ M is an adapted disc of size ǫ if there exists an
embedding hD : Ds+u(ǫ) := {p ∈ Rs+u : ‖p‖ < ǫ} →M satisfying
(1) imh = D andD is transverse toWc.
(2) For all p, 1
K1
≤ m(dhp), ‖dhp‖ ≤ K1 whereK1 ≈ 1 is a constant.
(3) If x, y ∈ D,W cloc(x) ∩W
c
loc(y) 6= ∅ implies x = y.
Remark 2.1. The constantK1 is chosen to guarantee that h is almost an isometry, and only depends on
M and f . The center of D is h(0).
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For D as above we have a projection projD : sat
c(D, r0)→ D given by
(3) projD(y) = W
c
loc(y) ∩D,
and if z ∈ D we define the sets
W˜u(z,D) := Hz ∩D(4)
W˜s(z,D) := Vz ∩D.(5)
Observe that if D is an adapted disc of size ǫ ≥ 3r centred at x and y ∈ D, d(x, y) < 2r, there
exist uniquely defined points yuD ∈ W˜
u(x,D), ysD ∈ W˜
s(x,D) such that y = D∩ V ryu
D
∩Hrys
D
. The
map ΨDx given by
ΨDx (y) = (y
u
D, y
s
D)
is an open embedding, and thus define a continuous system of coordinates on D. We write
< ·, · >D: W˜u(x,D) × W˜s(x,D)→ D for the inverse of ΨD.
Definition 2.7. Let 0 < δ < ǫ < r0. We say that {Di}Ni=1 is an (ǫ, δ) adapted family if the following
conditions hold
(1) EachDi is an ǫ-adapted disc.
(2) If i 6= j then Di ∩Dj = ∅.
(3) For each i there exist open sub-discs Bi ⊂ Ei ⊂ Di of the form
• Bi = hDi(δ).
• Ei = hDi(
ǫ
2 )
(4) M = ∪Ni=1sat
c(Bi, δ).
Convention: Recall Theorem 2.1. For the previous definition we will assume that δ is chosen
so that
(1) 8Cδ << ǫ.
(2) Every (3 + Lip(f |Wc))δ-pseudo-orbit can be Cδ-shadowed by a pseudo-orbit subordi-
nated toWc.
Lemma 2.2. For every ǫ > 0 sufficiently small and 0 < δ < ǫ8C there exists an (ǫ, δ) adapted family.
Proof. This is easy consequence of the existence of nice (finite) atlases of arbitrarily small diam-
eter for the center foliation1. See Lemma 1.2.17 in [CC00]. 
For later use, we also record the following simple remark.
Lemma 2.3. There exists ǫ0 > 0 such that every (ǫ, δ) adapted family {Di}Ni=1 with 0 < ǫ ≤ ǫ0 satisfies
the following:
x ∈M,d(x,Bi) < Cδ ⇒ #Ei ∩W
c(x;Cδ) = 1.
1A foliated atlas {U}k is nice if wheneverUk∩Uk′ 6= ∅ there exists a distinguished open set containing cl(Uk∪Uk′ ).
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2.2. Shift Spaces. Let k be a natural number. If A is a 0 − 1 k × k square matrix we denote by
ΣA,Σ
+
A the two-sided and one-sided subshifts of finite type determined by A, namely
ΣA := {x ∈ {1, . . . , k}
Z : Axn,xn+1∀n ∈ Z}(6)
Σ+A := {x ∈ {1, . . . , k}
N : Axn,xn+1∀n ∈ N}.(7)
Equipped with the product topology, these are compact metrizable spaces where compatible
metrics are given by d(x, y) = 1
2N(x,y)
with
(8) N(x, y) =
{
sup{n : xi = yi ∀ |i| < n} for x, y ∈ ΣA
sup{n : xi = yi ∀ 0 ≤ i < n} for x, y ∈ Σ
+
A.
It is well known that both ΣA,Σ
+
A are zero-dimensional perfect compact sets, and thus home-
omorphic to Cantor sets. The corresponding shift map in each of them will be denoted simply
by σ.
The two-sided subshift has a natural bracket structure: for sequences a, b with a0 = b0 their
bracket is the sequence c given by
cn =
{
an if n ≥ 0
bn if n < 0
.
To understand this structure we introduce the local stable set and the local unstable set of a point
a ∈ ΣA as
W sloc(a) = {b ∈ ΣA1 : d(σ
na, σnb) ≤ 1/3 ∀ n ≥ 0}(9)
Wuloc(a) = {b ∈ ΣA1 : d(σ
na, σnb) ≤ 1/3 ∀ n ≤ 0}.(10)
Observe that
W sloc(a) = {b ∈ ΣA1 : an = bn ∀n ≥ 0}
Wuloc(a) = {b ∈ ΣA1 : an = bn ∀n ≤ 0},
and in particular 〈a, b〉 = W sloc(a) ∩W
u
loc(b).
3. Complete Markov Transversal
Throughout this section we will work with a fixed plaque expansive partially hyperbolic dif-
feormorphism f : M → M and establish the existence of a complete transversal to its center
foliation Wcf consisting of closed sets with an additional Markov property (Cf. Theorem A).
Precision in this stage seems crucial, so for convenience of the reader we have divided the con-
struction in several parts.
3.1. Symbols and Transition Matrices. We fix an (ǫ, δ)-adapted family {Di}Ni=1 satisfying the
conclusion of Lemma 2.3. Subdivide eachBi into finitely many (relatively) open sets∆
i
1, . . .∆
i
ri
with the following property: given i ∈ {1, . . .N}, α ∈ {1, . . . ri} there exist j(i, α), k(i, α) ∈
{1, . . .N} so that
f(∆iα) ⊂ sat
c(Bj ; δ)
f−1(∆iα) ⊂ sat
c(Bk; δ).
Let ν = maxi,α{diam(∆iα), diam(f(∆
i
α)), diam(f
−1(∆iα))}; note that ν can be taken arbitrarily
small, and we assume that 3Lip(f)ν < δ. The previous consideration allows us to define a map
φ : ⊔i,α∆iα → ∪iBi simply by
φ(x) = W c(fx; δ) ∩Bj if x ∈ ∆
i
α.
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Nonetheless, the presence of the holonomy pseudo-group ofWc forces a complicated combi-
natorics which make φ very ill behaved, even in simple examples. Instead, we will use symbolic
dynamics to control the center pseudo-group. We proceed as follows. On each ∆iα choose a
point xiα, and consider I = {x
i
α : i, α}. Define the 0–1 matrixAwith indices on I by the rule that
Axiα,xi
′
α′
= 1 iff either
(1) f(∆iα) ⊂ sat
c
δ(Bi′ ), or
(2) exists∆i
′
β s.t. f
−1(∆i
′
β ) ⊂ sat
c
δ(Bi) and projDi (f
−1(∆i
′
β )) ∩∆
i
α 6= ∅
We remark the following.
Lemma 3.1. For every i, α, α′ we have
A
xiα,x
j(i,α)
α′
= 1 = A
x
k(i,α)
α′
,xiα
.
We consider the subshift of finite type ΣA and observe that every a ∈ ΣA defines a (3 +
Lip(f |Wc))δ-pseudo orbit, hence it is Cδ-shadowed by a Cδ-pseudo orbit a′ that preservesWc.
By Lemma 2.3, the point
(11) θ(a) :=W c(a′0;Cδ) ∩ Ei,
where a0 ∈ Di, is well defined and thus we have a map θ = θA : ΣA → ∪iEi.
Proposition 3.1. The map θ : ΣA → ∪n1Ei is continuous.
Proof. We need the following lemma.
Lemma 3.2. Assume that (ak)k∈N is a sequence in ΣA that converges to a. Then there exists a subse-
quence (ak)k∈S such that for every n,
(ak)′n −−−→
k∈S
a′n.
Proof. We recall that the construction of a′ goes by finding for each N > 0 a finite pseudo-orbit
{zN−N(a), . . . z
N
0 (a), . . . z
N
N (a)}which shadows the finite segment {a−N , . . . , a0, . . . , aN} and then
passing to a converging subsequence z
Nj
n (a) −−−→
j 7→∞
a′n (Cf. Theorem 7A-2 in [HPS77]).
Now, since ak −−−−→
k 7→∞
a, there exists k1 such that ∀k ≥ k1 akn = an if |n| ≤ N1 . Thus ∀k ≥ k1
we can take
zN1n (a
k) = zN1n (a) if |n| ≤ N1
By induction, we can find kj > kj−1
∀k ≥ kj , z
Nj
n (a
n) = zNjn (a) if |n| ≤ Nj
and from this follows
zNjn (a
kj ) −−−→
j 7→∞
a′n

Back to the proof of the proposition, suppose that there exist two sequences (ak)k, (b
k)k inΣA
converging to the same limit a, but with
x = lim
k
θ(ak) 6= lim
k
θ(bk) = y.
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By the previous lemma we can assume with no loss of generality that for every n,
(12) (ak)′n −−−−→
k 7→∞
a′n
(13) (bk)′n −−−−→
k 7→∞
a′n.
Consider the adapted disc Di that contains x, y and denote by proj : sat
c(Di)→ Di the projec-
tion map: proj is continuous. Thus by (12),(13)
x = lim
k→∞
proj((ak)′0) = proj(a
′
0) = lim
k→∞
proj((bk)′0) = y,
contrary towhat we assumed. Since∪Ni=1Ei is pre-compactwe conclude that θ is continuous. 
We now study the image of the map θ. First of all we have the following.
Proposition 3.2. The image of θ is compact in ∪N1 Ei and covers ∪
N
1 Bi.
Proof. The image is θ is clearly compact due to the previous Proposition. To prove the second
part we fix x ∈ Bi and define an element a ∈ ΣA by the following procedure. Let i0, α0 such
that x ∈ ∆i0α0 , and set a0 = x
i0
α0
, x0 = x. Now we inductively define an, xn as follows.
• Assume first that n > 0, and that we had determined xk, ak for k = 0, . . . n, with an =
xinαn , xn ∈ ∆
in
αn
. Define xn+1 = projDj(in ,αn)(fxn) and choose ∆
j(in,αn)
αn+1 containing xn+1.
Finally define an+1 = x
j(αn)
αn+1 . Note that Aan,an+1 = 1.
• For −n < 0 and assuming we have a−k, x−k for k = 0, . . . , n note that f−1∆
i−n
α−n ⊂
satc(Bk(i−n,α−n), δ), hence denoting i−n−1 = k(i−n, α−n) there exist α−n−1 and x−n−1 ∈
∆
i−n−1
α−n−1 satisfying projDi
−n
(fx−n−1) = x−n. Labelling a−n−1 = x
i−n−1
α−n−1 we get by
Lemma 3.1 that Aa−n−1,a−n = 1.
In the end we have constructed two bi-infinite sequences x, a satisfying
(1) the sequence a ∈ ΣA
(2) The sequence x is a central (2ν + Lip(f |Wc))δ-pseudo orbit.
(3) For every n, d(an, xn) ≤ ν.
By plaque expansiveness we conclude x = x0 = θ(a). 
Remark 3.1. For later use we record that in the previous Proposition the sequence a = (xinαn)n constructed
is such that for every n, proj(f∆
x
in
αn
) ∩∆
x
in+1
αn+1
6= ∅.
3.2. Rectangles andMarkov Structure. As explained in the first section, the local product struc-
ture allows us to define a bracket for points in ∪Ni=1Ei, where for x, y ∈ Ei we have 〈x, y〉D =
projDi (W
s
loc(x) ∩W
cu
loc(y)). We now relate this bracket structure with the one of ΣA
Proposition 3.3. Let a ∈ ΣA such that ao ∈ Di. Then
(1) θ(W sloc(a)) ⊂ projDi(W
cs
loc(θ(a))
(2) θ(Wuloc(a)) ⊂ projDi(W
cu
loc(θ(a))
Proof. Take b ∈W sloc(a). Since an = bn ∀n ≥ 0we have
d(a′n, b
′
n) ≤ 2Cδ ∀n ≥ 0.
Theorem 6.1 of [HPS77] implies then that b′0 ∈ W
cs
loc(a
′
0), hence the result. The second part is
analogous. 
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Corollary 3.1. The map θ is bracket preserving.
Proof. Let a, b ∈ ΣA with a0 = b0 ∈ Di. Then 〈θa, θb〉)Di is well defined and
θ(〈a, b〉) = θ(W sloc(a) ∩W
u
loc(b)) ⊂ projDi (W
cs
loc(θa)) ∩ projDi (W
cu
loc(θb)) = {〈θa, θb〉Di}.

Definition 3.1. For i = 1, . . . N , a subset R ⊂ Di will be called a rectangle if it is invariant under the
bracket 〈·, ·〉Di . Similarly, a subset R
′ ⊂ ΣA will be called a rectangle if it is invariant under the bracket.
One verifies easily for arbitrary xi0α0 , . . . x
ir
αr
∈ I the set
(14) [xi0α0 , . . . x
ir
αr
] := {a ∈ ΣA : a0 = x
i0
α0
, . . . ar = x
ir
αr
}
is a compact rectangle, hence by Proposition 3.3 the set
(15) C
x
i0
α0
,...x
ir
αr
= θ[xi0α0 , . . . x
ir
αr
].
is a compact rectangle as well. We denote
W˜s(x,C
x
i0
α0
,...x
ir
αr
) = W˜s(x,Di) ∩ Cxi0α0 ,...x
ir
αr
(16)
W˜u(x,C
x
i0
α0
,...x
ir
αr
) = W˜u(x,Di) ∩ Cxi0α0 ,...x
ir
αr
.(17)
Observe that imθ = ∪i,αCxiα , and each one of these rectangles has diameter less than equal to
2Cδ, thus
A
xiα,x
i′
α′
= 1⇒ f(Cxiα) ⊂ sat
c(Di′ , r0).
Lemma 3.3. For a ∈ [xiα] it holds
a) θ (W sloc(a)) = W˜
s(θ(a), Cxiα).
b) θ (Wuloc(a)) = W˜
u(θ(a), Cxiα).
Proof. By proposition 3.3, θ (W sloc(a)) ⊂ W˜
s(θ(a), Cxiα). Consider a point x ∈ W˜
s(θ(a), Cxiα) and
take b ∈ [xiα] such that θ(b) = x. Now c = 〈a, b〉 ∈W
s
loc(a) and
θ(c) = 〈θ(a), θ(b)〉 = 〈θ(a), x〉 = x
since x in W˜s(θa,Di). Therefore x ∈ θ(W sloc(a)). The second part is similar. 
Next we analyse the behaviour of θ with respect to the shift dynamics: it will be established
below that the naturalMarkov structure of the rectangles [xiα]with respect to σ induces a similar
property on imθ. First note:
Lemma 3.4. Consider a ∈ [xiα, x
i′
α′ ]. Then projDi′ (fθa) = θσa.
Proof. Let x = θ(a). Observe that the sequence (bn := a′n+1)n∈Z Cδ-shadows σ(a), and since it
respects the center foliation we conclude
θ(σa) = projDi′ (a
′
1),
fx ∈ W cloc(a
′
1)
hence the result. 
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Proposition 3.4. Let a ∈ ΣA and consider x = θ(a), y = θσa, z = θσ−1a. If i, i′, i′′ are such that
x ∈ Di, y ∈ Di′ , z ∈ Di′′ , then
projDi′ (fW˜
s(x,Ca0 )) ⊂ W˜
s(y, Ca1)(18)
projDi (fW˜
u(z, Ca−1)) ⊃ W˜
u(x,Ca0 )(19)
Proof. This is an immediate consequence of the two previous lemmas:
projDi′ (fW˜
s(x,Ca0)) = projDi′ (fΘ(W
s
loc(a))) = θσW
s
loc(a)
⊂ θ(W sloc(σa)) = W˜
s(y, Ca1),
and likewise for the unstable part. 
3.3. Bowen’s refinement procedure. The reader may have observed before that we overdeter-
mined the possible transitions determined by A1. We did so in order to guarantee that every
∆iα is contained in the image of φ (Cf. Proposition 3.2). There appears to be a trade-off between
this “surjectivity” and the the over determinacy, related to the fact that we are using projections
along centers, and those are difficult to control.
Now we are going to eliminate some unnecessary redundancy using a method of R. Bowen
(compare [Shu86] pages 133-134) to cut the rectangles Cxiα into disjoint sub-rectangles, while
maintaining the Markov property. For rectangles Cxiα , Cxiβ with non-empty intersection, define:
C1xiα:xiβ
= {x ∈ Cxiα : W˜
s(x,Cxiα) ∩ Cxiβ 6= ∅, W˜
u(x,Cxiα) ∩ Cxiβ 6= ∅}
C2
xiα:x
i
β
= {x ∈ Cxiα : W˜
s(x,Cxiα) ∩ Cxiβ 6= ∅, W˜
u(x,Cxiα) ∩ Cxiβ = ∅}
C3
xiα:x
i
β
= {x ∈ Cxiα : W˜
s(x,Cxiα) ∩ Cxiβ = ∅, W˜
u(x,Cxiα) ∩ Cxiβ 6= ∅}
C4xiα:xiβ
= {x ∈ Cxiα : W˜
s(x,Cxiα) ∩ Cxiβ = ∅, W˜
u(x,Cxiα) ∩ Cxiβ = ∅}.
It is not too hard to show that each Cm
xiα:x
i
β
,m = 1, . . . , 4 is a rectangle, and furthermore
i) C1
xiα:x
i
β
= Cxiα ∩ Cxiβ ,
ii) the sets C1
xiα:x
i
β
, C1
xiα:x
i
β
∪ C2
xiα:x
i
β
, C1
xiα:x
i
β
∪ C3
xiα:x
i
β
are closed in ∪iDi, and
iii) ∪4m=1C
m
xiα:x
i
β
= Cxiα .
Now define
Rm
xiα:x
i
β
= cl Cm
xiα:x
i
β
, m = 1, . . . , 4
Fxiα:xiβ = ∪
4
m=1∂C
m
xiα:x
i
β
,
where the closure and the boundary are taken with respect to the induced topology of the disc
Di. We have that {Rmxiα:xiβ
}4m=1 is a covering of Cxiα by closed rectangles whose interiors (with
respect to the induced topology) are disjoint. See Lemma 10.24 in [Shu86].
Consider the set
N := imθ \
⋃
i,α,β
Fxiα:xiβ ,
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which is relatively open and also dense in imθ, due to Baire’s catetegory theorem. For x ∈ N
define:
J (x) = {Cxiα : x ∈ Cxiα}
J ∗(x) = {Cxi
β
: ∃Cxiα ∈ J (x), Cxiα ∩ Cxiβ 6= ∅}
P (x) =
⋂
{intRmxiα:xiβ
: Cxiα ∈ J (x), Cxiβ ∈ J
∗(x), x ∈ Cmxiα:xiβ
}.
Lemma 3.5. Each P (x) is an open rectangle and x, x′ ∈ N , P (x) ∩ P (x′) 6= ∅ ⇒ P (x) = P (x′). In
particular there are finitely many rectangles P (x).
Proof. It follows easily that each P (x) is an open rectangle. Since N is dense in imθ, it it suffices
to show that
x′ ∈ P (x) ∩ N ⇒ P (x) = P (x′)
and for this it will be enough to show J (x) = J (x′), as the rectangles Cm
xiα:x
i
β
have disjoint
interiors.
It is immediate that J (x) ⊂ J (x′); for the other inclusion take Cxi
β
∋ x′ and consider Cxiα ∈
J (x) such that Cxiα ∩ Cxiβ 6= ∅. By checking the possibilities, one sees that necessarily x ∈
C1
xiα:x
i
β
= Cxiα ∩ Cxiβ , and thus x ∈ Cxiβ as well, i.e. J (y) ⊂ J (x). 
We now discuss the dynamics of the rectangles P (x).
Definition 3.2. We say that D′i is an allowed future for P (x) ⊂ Di if there exists α, α
′ such that
Cxiα ∈ J (x) and Axiα,xi
′
α′
= 1.
Lemma 3.6. Suppose that x ∈ C
xiα,x
i′
α′
, and y = projD′
i
(fx) ∈ C
xi
′
β
. Then there exists b ∈ ΣA
satisfying
(1) b ∈ [xiα, x
i′
β ],
(2) θ(b) = x, θ(σb) = y.
Proof. Observe that by definition of A one has A
xiα,x
i′
β
= 1. By hypothesis there exist a, c ∈ ΣA
such that
i) a0 = x
i
α, c0 = x
i′
β ,
ii) θ(a) = x, θ(c) = y.
Consider the sequence defined by
bn =
{
an if n ≤ 0
cn−1 if n ≥ 1,
and observe that b ∈ ΣA. Let z = θb: we claim that z = x. To see this observe that since
b ∈Wuloc(a), z ∈ W˜
u(x,Ca0 ). Furthermore σb ∈W
s
loc(c), so we get projDi′ (fz) ∈ W˜
s(y, Cc0) and
thus fz ∈W cs(fx). We conclude z ∈W csloc(x) ∩ W˜
u(x,Ca0) = {x}. 
Proposition 3.5. Let x, x′ ∈ N ∩Di be such that
(1) P (x) = P (x′).
(2) x′ ∈ W˜s(x,Di).
(3) i′ is an allowed future for P (x).
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Consider the points y = projDi′ (fx), y
′ = projDi′ (fx
′), and suppose that y, y′ ∈ N . Then P (y) =
P (y′)
Proof. We will first establish that J (y) = J (y′), and for this we note that due to symmetry it
suffices to show only one inclusion. Suppose that y ∈ Cxi′
β
: since i′ is an allowed future for P (x)
the previous Lemma allow us to find a sequence a ∈ [xiα, x
i′
β ] satisfying θ(a) = x, θ(σa) = y. By
Proposition 3.4,
y′ ∈ projDi′ (fW˜
s(x,Ca0)) ⊂ W˜
s(y, Ca1) ⊂ Cxi′
β
,
i.e. C
xi
′
β
∈ J (y′), hence J (y) ⊂ J (y′) as we wanted to show.
It then follows that J ∗(y) = J ∗(y′), and
W˜s(y, C
xi
′
β
) ∩C
xi
′
β′
6= ∅ ⇔ W˜s(y′, C
xi
′
β
) ∩C
xi
′
β′
6= ∅.
Wewant to show that the same is true for the unstable manifolds, and thus conclude P (y) =
P (y′). Consider a point w ∈ W˜u(y, C
xi
′
β
) ∩ C
xi
′
β′
and take a sequence a ∈ [xiα, x
i′
β ] as above. We
have
projDi′ (fW˜
u(x;Ca0)) ⊃ W˜
u(y;Ca1),
hence there exists z ∈ W˜u(x;Ca0 ) such that projDi′ (fz) = w. The set Ca0 is a rectangle, and
since P (x) = P (x′) we get u = 〈z, x′〉 ∈ W˜u(x′;Ca0). As θ is bracket preserving and Ca1 is a
rectangle,
u′ = projDi′ (fu) = 〈w, y
′〉 ∈ Ca1 .
On the other hand, z ∈ Cxiα , w ∈ Cxi′
β′
and thus there exists c ∈ ΣA such that
θ(c) = z, θ(σc) = w, c0 = x
i
α, c1 = x
i′
β′ .
Using that projDi′ (fW˜
s(z;Cc0)) ⊂ W˜
s(w,Cc1) we conclude u
′ ∈ Cc1 , i.e.
u′ ∈ W˜u(y, C
xi
′
β
) ∩ C
xi
′
β′
.
We have shown that
W˜u(y, C
xi
′
β
) ∩ C
xi
′
β′
6= ∅ ⇒ W˜u(y, C
xi
′
β
) ∩ C
xi
′
β′
6= ∅
and by symmetrywehave the other implication. This completes the proof of the Proposition. 
3.4. The Markov Partition for the transversal. Lemma 3.5 implies that the family R = {R =
clP (x) : x ∈ N} is finite, say R = {R1, . . . Rs}. Each Rm is a compact rectangle, with Rm =
cl intRm. Furthermore, if P (x) 6= P (y) then P (x) ∩ P (y) = ∅, and since these are open sets a
simple topological argument implies that rectangles in R have pairwise disjoint interiors. We
extend the notion of ‘allowed future’ to rectangles in R.
Definition 3.3. If Rµ ∈ R, D′i allowed future for Rµ we define the map φ
+
µ,i′ : Rµ 7→ Di′ by
(20) φ+µ,i′ (x) = projDi′ (fx).
Proposition 3.6 (MarkovProperty ofR). LetRµ, Rν ∈ RwithDi′ allowed future forRµ, and suppose
that x ∈ intRµ, φ+µ,i′ (x) ∈ intRν . Then
φ+µ,i′ (W˜
s(x,Rµ)) ⊂ W˜
s(φ+µ,i′ (x), Rν )(21)
φ+µ,i′ (W˜
u(x,Rµ)) ⊃ W˜
u(φ+µ,i′ (x), Rν )(22)
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Proof. For a rectangle Rη denote
∂sRη := {y :∈ Rη : W˜
s(x;Rη) ∩ intRη}.
Now take x ∈ Rµ ∩ N such that y = φµ,i′ (x) ∈ Rν ∩ N . Then Rµ = clP (x), Rν = clP (y), and
W˜s(x,Rµ) = clW˜
s(x;P (x)), W˜s(y,Rν) = clW˜
u(y;P (x)).
By Proposition 3.5
φ+µ,i′ (W˜
s(x, P (x))) ⊂ W˜s(y;P (y)),
and thus by continuity
φ+µ,i′ (W˜
s(x,Rµ)) ⊂ W˜
s(φ+µ,i′ (x), Rν).
Points x as above are dense in∪ηRη: standard arguments permit then to extend the conclusion
for any point x′ ∈ intRµ, φ
+
µ,i′(x
′) ∈ intRν . Details can be found for example in [Shu86] page
137. Likewise for the unstable part. 
Definition 3.4. The disc Dk is an allowed past of Rµ ⊂ Di if Di is an allowed future of some rectangle
Rν ⊂ Dk with φν,i(intRν) ∩ intRµ 6= ∅. In this case define the map φ
−
µ,k : Rµ 7→ Dk by
(23) φ−µ,k(x) = projDk(f
−1x).
The following is immediate from Proposition 3.6.
Corollary 3.2. Let Rµ, Rν ∈ R with Dk allowed past for Rµ, and suppose that x ∈ intRν , φ
−
µ,k(x) ∈
intRµ. Then
(24) φ−µ,k(W˜
u(x,Rµ)) ⊂ W˜
u(φ−µ,k(x);Rν )
We subsume the results of this section in the following Theorem.
Theorem 3.1. Given δ > 0, ρ > 0 there exist a family D = {D1, . . . , DN}of s + u dimensional
(embedded) discs transverse toWc, a familyR = {R1, . . . , Rs} and a function af : R → 2D satisfying
the following.
(1) The family D is pairwise disjoint.
(2) Each Rµ is a rectangle contained in some discDi, and with respect to the relative topology ofDi
it holds Rµ = cl intRµ. Moreover diamRµ < ρ.
(3) IfRµ, Rν are contained in the same discDi and their interiors share a common point, thenRµ =
Rν .
(4) M = ∪sµ=1sat
c(Rµ, δ).
(5) Suppose that Rµ ⊂ Di, Rν ∈ Di′ satisfyDi′ ∈ af(Rµ). If x ∈ intRµ, φ+µ,i′(x) ∈ intRν , then
it holds
(a) φ+µ,i′(W˜
s(x,Rµ)) ⊂ W˜s(φ
+
µ,i′ (x), Rν).
(b) φ−µ,i′(W˜
u(φ+µ,i′ (x), Rν)) ⊂ W˜
u(x,Rµ)
where φ+µ,i′ = projDi′ ◦ f, φ
−
µ,i′ = projDi ◦ f
−1.
In synthesis, the rectanglesR1, . . . Rs areproper, with disjoint interiors and satisfy theMarkov
property for suitable choices of the future. Observe nonetheless that these rectangles do not have
a canonically defined future, nor a (canonically defined) past. Theorem A is proved.
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4. Symbolic representation of the transversal.
Consider the subshift of finite type ΣS determined by the matrix S where
Sµ,ν = 1⇔ ν ⊂ Di′ , i
′ ∈ af(Rµ) and φ
+
µ,i′(intRµ) ∩ intRν 6= ∅.
For a ∈ ΣS and l ≤ l′ ∈ Z denote a[l, l′] = al, . . . , al′ . Observe then for the string a[l, l′] the
rectangles Ral , . . . Ral′ are “linked”, in the sense that if Diη denotes the disc containing Rη, η =
l, . . . , l′, there exists a non-empty relatively open set Va[l,l′] ⊂ Ral such that the map
φ+
a[l,l′] = φ
+
al′ ,il′
◦, . . . , φ+al+1,il+1 : Ral → Ral′
is well defined and continuous. Similarly,
φ−
a[l,l′] :Wa[l,l′] ⊂ Ral′ → Ral
is constructed using the maps φ−aη ,iη .
These considerations allow us to define
(25) hs(a) =
⋂
n≥0
(φ+
a[o,n])
−1(Ran) =
⋂
n≥0
Va[0,n]
(26) hu(a) =
⋂
n≥0
(φ−
a[−n,0])
−1(Ra−n) =
⋂
n≥0
Wa[−n,0]
(27) h(a) = h+(a) ∩ h−(a).
Lemma 4.1. If a ∈ ΣS , there exists x ∈ Ra0 such that
(1) hs(a) = W˜s(x,Ra0)
(2) hu(a) = W˜u(x,Ra0)
(3) h(a) = x.
Proof. Part 5 of Theorem 3.1 imply that there exists a subset T ⊂ Ra0 such that ∩n≥0Va[0,n] =
∪x∈T W˜s(x,Ra0 ). As W
c is plaque expansive, Wcs is plaque expansive as well (Cf. Lemma
2.1), and thus for some x ∈ Ra0 , T = W˜
s(x,Ra0). The second part is similar and the third is
consequence of the first two. 
We discuss now continuity of these maps. Continuity of h : ΣS → ∪ηRη will be understood
with respect to the product metric of ΣS . In the case of h
+, h− we arbitrarily pick points xµ ∈
intRµ: continuity of h
s will be understood as continuity of the map
ΣS
hs
−→ ∪µRµ → ∪µW˜
u(xµ, Rµ),
where the last map collapses eachRµ toW
u(xµ, Rµ) along the partition {W s(x,Rµ)}x∈Rµ . Sim-
ilarly for hu.
Proposition 4.1. The maps hs, hu, h are continuous, where ΣS is equipped with the product metric. If
furthermoreWc is Lipschitz, then they are Lipschitz continuous if δ is sufficiently small.
Proof. It suffices to establish continuity of hs. Since R is finite and δ is fixed we have that for
n ≥ 0 it holds
rn := inf{diam(W˜
u(x, Va[0,n])) : a ∈ ΣS , x ∈ Va[0,n]} > 0.
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Now assume by contradiction that hs is not continuous. Then there exists a converging se-
quence aN −−−−→
N 7→∞
a in ΣS such that xN = h
s(aN ) −−−−→
n7→∞
x 6= hs(a). Fix n and take N0 such that
for N ≥ N0, d(xN , x) < rn. Then by definition of hs
x ∈ VaN [0,n],
and since aN −−−−→
N 7→∞
a, we deduce that x ∈ Va[0,n] which in turn implies that x ∈ ∩n≥0Va[0,n].
This contradicts the fact thatWcs is plaque expansive.
Ifwe further assume thatWc is Lipschitz, we can choose δ sufficiently small such that for every
holonomy transport h associated to an (ǫ, δ) family, the map h ◦ f contracts stable distances by a
factor of 0 < k < 1. Then for every a ∈ ΣS , n ≥ 0,
sup{diam(Wu(x, Va[0,n])) : x ∈ Va[0,n]} ≤ k
nsup{diam(Wu(x,Ra0)) : x ∈ Ra0},
and it follows that hs is Lipschitz. 
Remark 4.1. For a general partially hyperbolic diffeomorphism, the center foliation is only Ho¨lder con-
tinuous [PSW97]. Nonetheless, establishing that h, hs, hu are Ho¨lder in general seems difficult without
assuming some condition that forzes the diameter of the sets V to diminish after every iteration. The ar-
gument seems similar to the one necessary to establish plaque expansiveness in general, which is at the
moment of writing, still unknown.
We now investigate the dynamics of the subshifts. Recall that given a topological spaceX , a
pseudo-group on X is a set G = {g : d(g) → r(g)} of local homeomorphisms between proper
sets2 of X such that
(1) Id : X → X ∈ G
(2) g ∈ G ⇒ g−1 ∈ G.
(3) g : d(g)→ r(g), g′ : d(g′)→ r(g′) ∈ G with d(g′) ∩ r(g)) proper then
g′ ◦ g : g−1d(g′)→ g′(r(g)) ∈ G.
(4) g ∈ G, U ⊂ d(g) proper implies g| : U → g(U) ∈ G.
(5) Suppose that U, V ⊂ X are proper and g : U → V is a homeomorphism. Suppose that
there exist a family {gi : d(gi) → r(gi)}i ⊂ G such that ∪id(gi) − U, g|d(gi) = g. Then
g ∈ G.
See for example [J. 75]. Note that there is a natural action G y X .
Let Γ(R) = ∪µRµ and consider the pseudo-group G(R) of homeomorphisms of Γ(R) gener-
ated by {φµ,i′ , φ
−
µ,i′ : i
′ ∈ af(Rµ)}. Our previous discussions can be summarized by the follow-
ing (Cf. Corollary 1.1).
Theorem 4.1. There exists a continuous surjective map h : ΣS → Γ(R) which semi-conjugates the
action of the shift σ y ΣS with the natural action G(R)y Γ(R).
Similar, conclusions can be drawn for the dynamics of the center-stable and center-unstable
plaques using the maps hs, hu.
The symbolic model presented is not well behaved under center holonomy. This is to be
expected since there is no reason for this holonomy to have any hyperbolic behavior. Take for
example f : T3 → T3 a product of an Anosov diffeomorphism of T2) and the identity of S1:
2In the literature, the notion of pseudo-group is usually defined using open sets instead of proper ones, but the
extension to the later case is straightforward
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here the center foliation is a circle fibration and thus the center holonomies are just the identity.
Even when there is some hyperbolicity associated to the center foliation it is not clear how to
deal with the interchange of leaves. The simplest case would be when f : M → M is a regular
element in an (abelian) Anosov action.
Question: Let Rk y M Anosov action with regular element f . Can one get an analogue of
Theorem A where the rectangles are invariant by all elements of G, or at least by a subgroup
strictly larger than < f >?
The plausible answer is No, at least without imposing some strong conditions on the action.
Otherwise it seems that one would get many different invariant measures for the action, some-
thing very unusual.
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